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Abstract—1In this paper, we investigate the problems of sum
power minimization and sum rate maximization for multi-cell
networks with non-orthogonal multiple access. Considering the
sum power minimization, we obtain closed-form solutions to the
optimal power allocation strategy and then successfully transform
the original problem to a linear one with a much smaller size,
which can be optimally solved by using the standard interference
function. To solve the nonconvex sum rate maximization problem,
we first prove that the power allocation problem for a single
cell is a convex problem. By analyzing the Karush-Kuhn-
Tucker conditions, the optimal power allocation for users in
a single cell is derived in closed form. Based on the optimal
solution in each cell, a distributed algorithm is accordingly
proposed to acquire efficient solutions. Numerical results verify
our theoretical findings showing the superiority of our solutions
compared with the orthogonal frequency division multiple access
and broadcast channel.

Index Terms— Non-orthogonal multiple access, power allo-
cation, sum power minimization, sum rate maximization, DC
programming.

I. INTRODUCTION

ITH the explosive growth of data traffic in mobile
Wlnternet [1], non-orthogonal multiple access (NOMA)
has been recently proposed [2], [3]. By using superposition
coding at the transmitter and successive interference cancela-
tion (SIC) at the receiver, NOMA can achieve higher spectral
efficiency than conventional orthogonal multiple access, such
as orthogonal frequency division multiple access (OFDMA).
Besides, NOMA can support more connections by letting
more than one user simultaneously access the same fre-
quency or time resources [4]—[7]. Therefore, NOMA has been
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deemed as a promising multiple access scheme for the next
generation mobile communication networks [8]-[10].

NOMA can simultaneously serve multiple users with the
same frequency band and time slot by splitting them in the
power domain [11]. The basic concept of NOMA with SIC
receiver was introduced in [12]. The ergodic sum rate and
the outage performance with fixed power allocation were
analyzed in [13] for NOMA. Specific impacts of power
allocation on sum rate [14]-[16], fairness [17]-[19], and
energy efficiency [20], [21] were investigated. Moreover, joint
sub-channel and power allocation was studied in [22]-[26].
However, the above existing works [12]-[26] are limited to
single-cell analysis, where there is no inter-cell interference.

Recently, NOMA has been extended to multi-cell net-
works [27]-[33]. Different from multi-cell networks with
OFDMA, users in the same cell can receive intra-cell inter-
ference, which can be subtracted by using SIC in multi-cell
networks with NOMA. Different from single-cell networks
with NOMA, inter-cell interference should be considered
in multi-cell networks with NOMA. To harness the effect
of inter-cell interference, joint processing (JP) and coordi-
nated scheduling (CS) technologies are usually adopted [34].
In NOMA-JP, the users’ data symbols are available at more
than one base station (BS) [27]. The designs of CS for NOMA
differ from those of JP in that the users’ data are not shared
among the BSs [28]. However, the cooperating BSs in NOMA-
CS still need to exchange global channel state information
and cooperative scheduling information via a standardized
interface named X2. In addition, the number of transmission
points is one for NOMA-CS [28], while the number of
transmission points is more than one for NOMA-JP in [27].
Moreover, the numbers of supported users by NOMA-CS
and NOMA-JP are different [29].

Based on NOMA-CS, the uplink and downlink power
control problems for sum power minimization in two-cell
networks with NOMA were studied in [31] and [32], respec-
tively. However, the above existing works [27], [30]-[32] were
merely limited to power minimization in a two-cell network
with only two users per cell. The sum rate maximization
problem in multiple-input multiple-output (MIMO)-NOMA
multi-cell networks was investigated in [33], where two users
are paired in a virtual cluster. Consequently, there is a lack
of systematic approach for sum power minimization and sum
rate maximization problems via power control in multi-cell
networks with NOMA from a mathematical optimization point
of view.
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The objective of this paper is to investigate the power
control problems for sum power minimization and sum rate
maximization in multi-cell networks with NOMA. The contri-
butions of this paper are summarized as follows:

1) The sum power minimization problem can be equiv-
alently transformed into a linear problem (LP) with
smaller variables. Having obtained the total transmission
power of all BSs, the power allocation for each user can
be presented in a closed-form expression.

2) To solve the sum rate maximization problem, we decou-
ple it into two subproblems, i.e., power allocation prob-
lem for users in a single cell and power control problem
in multiple cells. With the total transmission power
of all BSs fixed, we succeed in showing that power
control problem in a single cell is a convex problem.
By analyzing the Karush-Kuhn-Tucker (KKT) condi-
tions, we observe that only the user with the highest
channel gain deserves additional power allocation, while
the power for other users in the same cell is merely
determined to maintain their minimal rate demands.
Closed-form expressions of the optimal power allocation
and optimal sum rate in a single cell are further obtained.

3) Based on the closed-form expression of the optimal sum
rate in a single cell, the original sum rate maximization
problem can be equivalently transformed into a sim-
plified problem. Since the objective function for each
BS can be formulated as a difference of two convex
functions (DC), a convex approximation of the objective
function is introduced. Furthermore, a distributed algo-
rithm is also provided to obtain a suboptimal solution.

The rest of the paper is organized as follows. In Section II,
we introduce the system model and power control formulation.
Sum power minimization and sum rate maximization for
multi-cell networks with NOMA are addressed in Section III
and Section IV, respectively. The extension to MIMO-NOMA
systems is introduced in Section V. Some numerical results
are shown in Section VI and conclusions are finally drawn in
Section VIIL.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider a downlink multi-cell network with NOMA, where
there are / BSs and J users. Denote the set of BSs and users
by 7 = {1,2,---,I} and J = {1,2,---,J}, respectively.
The unique group of users served by BS i € 7 is denoted by
set J; ={Ji-1+1,Ji14+2,---,J;}, where Jo =0, J; = J,
Ji =2y |71, and | -| is the cardinality of a set. We focus on
the downlink where mutual interference exists among cells.

By using NOMA, a BS serves multiple users by splitting
them in the power domain. Assume that each BS shares the
same spectrum. For each BS, the total bandwidth, Byt i
equally divided into M subchannels, where the bandwidth of
each subchannel is B = Bioa1/M. Let M = {1,2,---, M}
be the set of subchannels. The set of users served by BS i on
subchannel m is denoted by Jim = {Jign—1) + 1, Jign—1) + 2,
<o Jim}s where Jio = Jii + 1, i = i, Jim = > ey 1Tl
and |J;| > 2. The channel gain between BS i and user
J € Jim on subchannel m is denoted by h;j,. Without loss
of generality, the channels are sorted as |h;( Jin—nt+Dml| =

|h,‘(j[(m_|)+2)m| <--- < lhig,ml, Yi € I, m € M. According
to the NOMA principle, BS i simultaneously transmits signal
sim to all its served users in Jj,,. The transmitted signal s;,,
can be expressed as

J[m
Sim= D /PijmSijm: (1
J=Jigm-1+1

where s;j;, and p;j, are the message and allocated power for
user j € Jim, respectively.

The observation at user j € Ji; on subchannel m is
given by

Yijm = hijmSim + Z RijmSkm + 1 jm

keZ\(i)
Jim
= Z hijm~/ DilmSitm
I=Jim-1+1

Jkm

22

keZ\{i} n=Ji(m-1)+1

hkjmv PknmSknm + M jm, (2)

where /g, is the cross channel gain between BS k and
user j served by BS i on subchannel m, and nj, represents
the additive zero-mean Gaussian noise with variance o2.
According to [12]-[15], each user should decode the messages
of other users in the same cell with lower channel gains before
decoding its own message. Denoting the total transmission
power of BS i on subchannel m by ¢;,, = Z]]."’:”J’_(mil)ﬁ Dijm»
the achievable rate of user j € Ji;, to detect the message of
user [ € {Jigu—1) +1,---, j} on subchannel m is

|hijm |2pilm ) 3)
|hijm|? Z,{i;"zﬂ Dinm + Zijim

Fijim = Blog, (1 +

where

Zijim = D, Qmlhijml® + 07, )
keZ\{i}

According to (3), strong user j with high channel gain needs
to decode the message of weak user / < j with low channel
gain. To ensure successful SIC, the achievable rate of user
j € Jim on subchannel m can be given by!

Fijm = o, Tilim
= _min_ Blog ( 1+ 3 Dijm 7
€{j, s Jim} Zn!j+1 Pinm + |hil;/rl‘z
= Blogy | 1+ —7- Pijm , (%)
Zn1=j+1 Pinm + Hijm
where
o > kerii) Dol hkim 1> + 02 ©
T e Tim) |itm |?

LAs in [15], the decoding order is determined by the increasing order of
channel gains for users in the same cell. The optimal decoding order for
multi-cell networks is still an open problem [29], which is beyond the scope
of this paper.
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Denote R;j, > 0 as the minimal rate demand of user j €
Jim on subchannel m. Applying (5), rijm > R;jm is equivalent
to the following linear constraint:

Rijm
Dijm = (2 B — 1)

Our objective is to optimize the power allocation in order
to minimize the sum power or maximize the sum rate under
the total power constraints and individual rate demands.
Mathematically, the power control problem can be formulated
as

Jim

Z DPinm + Hijm | . @)
n=j+1

min  V(p,q) (8a)
p>0.94>0
Jim
S.t. gim = Z Dijm>» Yie€el, me M (8b)
J=Jigm-1t1
Rijm Jim
Pijm = (2 B — 1) Z Pin +Hijm P
n=j+1
Viel meM, jeTmnm (8c)
M
> qim < Qi, Viel (8d)
m=1
where p = [pii1, -, P1oyM->- - » P1sym]’ is the trans-
mission power vector, ¢ = [qi1, ", qIM>" " ,qIM]T is

the total transmission power vector, H;j,, is defined in (6),
and Q; is the maximum transmission power of the BS i.
Constraints (8c) reflect that the minimal rate demands of
all users can be satisfied. V(p,q) is the objective function,
which can be sum power Zle Zﬁ,”zl ¢im Or negative sum
rate — Zil=l Z,A,:lzl Z/J'ZJ;(m_nH rijm With rij,, defined in (5).
Obviously, the feasible set of Problem (8) is linear. For
sum power minimization, Problem (8) is a LP, of which the
globally optimal solution can be effectively obtained. In the
following, we show that sum power minimization problem
can be equivalently transformed into a smaller LP. Since the
problem of sum rate maximization problem is nonconvex,
obtaining global optimum however is known to be difficult.
To solve the sum rate maximization problem efficiently,
we first consider the power allocation problem for users in
a single cell with fixed total transmission power of all BSs.
Then, based on the optimal power allocation for users in
a single cell, the primal multi-cell sum rate maximization
problem can also be simplified into an equivalent problem.
A distributed algorithm is proposed to obtain a suboptimal
solution of the simplified sum rate maximization problem.

III. SUM POWER MINIMIZATION FOR
MULTI-CELL NETWORKS

In this section, we solve the sum power minimization
Problem (8) with

1 M
Vp.q) =D D dim- ©)

i=1 m=1
Obviously, sum power minimization Problem (8) is a LP.
According to (7), the interference level received by each user

is determined by total transmission power g. Once the total
transmission power of other BSs is given, Problem (8) with
objective function (9) can be simplified to a single-cell power
minimization problem with fixed inter-cell interference, which
fortunately has closed-form solution. Substituting the closed-
form solution for each cell into Problem (8), we can obtain
an equivalent LP with a much smaller size, i.e., far fewer
variables.

A. Distributed Power Control Algorithm

Theorem 1: For sum power minimization Problem (8) with
objective function (9), power p can be optimally solved with
closed-form expression as

Ji
Rinm ”_I&M
Pijm =Z(2 g _1)225:j B Hinm
n=j
]im
Rinm. sl Rism.
- > (27 1) 2X o Hi, (10)
n=j+1

while the optimal solution to g (for determining Hjy,,,) is
determined by solving a smaller LP in (11) with much lower
complexity.

1 M
min > dim

(11a)
i=1 m=1
Jim Riim J=1 Rism
S.L. dim > (2+ — 1) Zzszji(mfl)+1 B
J=Jim-1+1
> ke ii) Gk hkim |* + 02
max 5
1€{j, - Tim) Ritm]|
2 fim(q@), YieI, meM (11b)
M
> Gim < Qi Viel (11c)
m=1
Proof: Please refer to Appendix A. [ ]

Note that the concept of strong user reflected from (3), (5)
and (6) is helpful in obtaining the closed-form expression
in (10). It can be verified that the optimal solution to
LP (11) with given [qum, -+ » G(i—1ym> QGi+1ym> * ** »qIm]’ can
be directly obtained by gi,;, = fim(q). To solve LP (11)
for multi-cell power minimization, we provide a distributed
algorithm in Algorithm 1.

B. Convergence and Global Optimality

To show the convergence and global optimality of DPC-
SPM algorithm, we recap the standard interference function
introduced in [35].2 Letting f = [fi1,---, fim1’, we have
the following theorem.

Theorem 2: f(q) is a standard interference function.

Proof: Please refer to Appendix B. [ ]

2Consider  an arbitrary  interference  function  D(q) =
[D11(q), -, Dip(@))T, we say D(q) is a standard interference function if
for all g > 0, the following properties are satisfied. 1) Positivity: D(g) > 0.
2) Monotonicity: If gV > ¢@ then D(g") > D(¢®). 3) Scalability: For
all 1 > 1, AD(q) > D(2q).
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Algorithm 1 Distributed Power Control for Sum Power
Minimization (DPC-SPM)

1: Initialize ql.(r?l) =Qi/M,Vi e N,m e M. Sett =1, and
maximal iteration number Tiax.

2fori=1,2,---,1 do

3 form=1,2,--- , M do

4: Calculate qi(,t,z = fim(@"™");

5 end for

6: end for

7. If + > Tnax or objective function (11a) converges, out-
put ¢* = ¢, and terminate. Otherwise, g0 =
[ql(tl),--- ,ql(tﬁzl,--- ,q;tﬂ),,]T, set t = t+ 1 and go to
step 2.

Based on Theorem 2, we have the following corollaries.

Corollary 1: 1f there exists g such that ¢ > f(q), the iter-
ative fixed-point method g+ = f(g®) will converge to the
unique fixed point g* = f(g*) with any initial point g(®.

Proof: Please refer to [35, Theorem 2]. [ |

Corollary 2: If Problem (11) is feasible, the optimal g*
of Problem (11) is component-wise minimum in the sense
that any other feasible solution g’ that meets constraints
(11b)-(11c) and ¢’ > O satisfying q' > g*.

Corollary 3: Problem (11) is feasible, if and only if there
exists g* = f(g*) and Z,A,:lzl g}, < Qi,Vi € I. If Prob-
lem (11) is feasible, the optimal solution g* to Problem (11)
is unique with satisfying g* = f(g™).

Since Corollary 2 and 3 can be easily proved by using
the same method in [35, Theorem 2], the proofs are omitted.
From Corollary 1 to Corollary 3, the convergence and global
optimality of DPC-SPM algorithm can be verified.

C. Further Discussion

Considering the special case where users in the same
cell on the same subchannel are with equal rate demands,
i.e., Ri(/i(m71)+1) = --- = R, = Rin, we show that user
with poor channel should be allocated with more power than
user with better channel in the same cell, i.e., PiUim_1y+Dm >
<o > Pigyem- From (10), for all Jigu—1) +2 < j < Jim, it is
verified that:

Pi(j—1m — Pijm
J,
il Ripm (n—j+1D)Rip,
= 275 —1 inm
n=j—1
+ % (2 R%m 1) (n—j—=D Ry,
- inm
n=j+1
Jim .
Rim (=) Rim
_22(23 _1) inm
n=j
Jim

(’l*j+l)R[m Rt_m
—1) 277 Hinn + (27 = 1) Hi—ym

Jim

_ (2RE" —1) 27 Hyj +>° (2 e 1) Py
n=j
Jim g (=) Rip
2> (2 o 1) 2E
n=j
Jim Rim (=) Ripm Rim —Rim
> Z(z % —1)2T (2T 4273 —2)H,-,,m
n=j
> 0,

where the first inequality follows from

2 keT\ (i) Dlm | hcim 1>+ 02

H. . = max
L R it |2
- zkEI\{l} C]km|hklm|2 +O-2 _ .
= lelo dim) \itm 12 -
(12)

and 2&% > 1, and the second inequality holds because x +
x'>2forx>1and0 <x < 1.

To implement the NOMA scheme, each BS broadcasts the
channel gain orders and the cancellation schemes to all served
users. The weakest user directly decodes its own message.
With the help of SIC, the strong user decodes the messages in
two stages. In the first stage, the strong user needs to decode
the messages of weak users served by the same BS on the
same subchannel. In the next stage, the strong user subtracts
the decoded messages and then decodes its own message. For
OFDMA and broadcast channel (BC), each user only needs to
decode its own message, i.e., all users do not need to conduct
SIC. Thus, for NOMA, the BSs need to broadcast additional
information to assist SIC of the users and the receivers are
complicated compared with OFDMA and BC.

IV. SUM RATE MAXIMIZATION FOR
MULTI-CELL NETWORKS

In this section, we solve the sum rate maximization Prob-
lem (8) with
«Iim

V(p,q)=—i§: >

i=1 m=1 j:-,i(n1—l)‘|'1

ri jm- (13)
For sum rate maximization Problem (8), we show that it can
be decoupled into two subproblems, i.e., power allocation
problem in a single cell, and power control problem in
multiple cells. Given total transmission power g, inter-cell
interference can be evaluated as constant value, hence the
sum rate maximization Problem (8) can be further decoupled
into multiple single-cell power allocation problems. The power
allocation problem in a single cell can be proved to be
convex by checking the convexity of the objective function.
By solving the KKT conditions, the closed-form expression
of power allocation problem in a single cell can be obtained.
Based on the results of power allocation problem in a single
cell, the original sum rate maximization Problem (8) can be
transformed into an equivalent problem with fewer variables.
A distributed algorithm is proposed to solve the transformed
problem.
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With given total transmission power g, sum rate maximiza-
tion Problem (8) with objective function (13) becomes the
following problem,

I M Jim
3 2D M 1T [t
= i=lm=1j=Jign-n+l iﬂi pinm+Hijin
n=j+1
(14a)
Jim
st > pijm=dqim. Vi€l meM (14b)
J=Jim-1+1
Rijm Jim
Dijm = (2 B — 1) Z Pinm + Hijm | »
n=j+1
VieZ, meM, je Tm. (14¢)

Since Problem (14) has a decoupling objective function and
decoupling constraints, Problem (14) can be decoupled into
IM individual problems. Having solved the /M individual
problems, we can substitute those /M optimal solutions into
Problem (8), which results in the power control problem in
multiple cells. Thus, the original Problem (8) can be decoupled
into power allocation problem in a single cell and power
control problem in multiple cells.

A. Power Allocation in A Single Cell

For Problem (14), power allocation problem for BS i on
subchannel m is formulated as

Jim
. Pijm
min — Blo 1+
pimzo . Z gz( Z«Iim_ . +H )
]=J,-(m,1)+1 n=j+1 Pinm ijm
(15a)
Jim
st D Pijm = din (15b)
j=‘]i(mfl)+1
Riim Jim
Pijm = (2 5= 1) Z Pinm + Hijm | ,
n=j+1
Vj € Jim, (15¢)
where pim = [Pi(Jign_1)+1)ms " s Pidiym]

Since the convexity of objective function (15a) cannot
be easily checked, the sum rate maximization problem was
regarded as a nonconvex multivariate optimization problem
via nonlinear programming approaches [20], [22]. To solve
Problem (15), we show that Problem (15) is indeed convex by
checking the convexity of objective function (15a).

Theorem 3: Problem (15) is a convex problem, and there
exists at least one feasible solution to Problem (15) if and only
if the total transmission power of BS i and rate constraints of
users served by BS i satisfy the following condition:

Jim R i—1 R;
iim 217 ) ism
(23 _ 1)2 s=Jim-1)t1 B Hijm <dim-

>

J=Jim-1+1

(16)

Proof: Please refer to Appendix C. [ ]

Due to that Problem (15) is convex, we can obtain the glob-
ally optimal solution by solving the KKT conditions [36], [37],
and the following theorem is hence provided.

Theorem 4: The optimal power allocation strategy for each
BS is to allocate additional power to the user with the best
channel gain, while other users served by this BS are allocated
with minimal power to maintain their minimal rate demands.
More specifically, the globally optimal power allocation for
Problem (15) equals

Pijm
[ Rijm R[jm
qim (2 B — 1) (2 B — )Hijm
i Rinm + —R[g"
Zzn:]i(m,l)#»l B
Rijm R;
. (23 - 1) (27#" = 1) Hinn
= Zl’l:]i(,n,lrkl 22f=n ng” ’
if < Jim
Rinm
Gim Jim—1 (2 5= 1) Hinm
7 R: _Z__ Jim—1 R;
22,11"1[(m_,)+1 B n=Jigm-n+l 3
if j = Jim,
(17)

and the corresponding optimal value of Problem (15) is

gi
—Blog, | 1 + ”"R
Z{[m’l ijm
R I R A
Rijm
Jim—1 275 — 1) Hijm Jim—=1
Z Zjimfl Rilm N Z Rijm’
Jj=Jigm-n+1 2<1=i B iJimm J=Jim-1+l1
(13)

where the first term is the negative rate of user J;, with
the largest channel gain among users served by BS i on
subchannel m, and the second term is the negative sum rate
of all other users served by BS i on subchannel m.
Proof: Please refer to Appendix D. [ ]
Similar to (10), the concept of strong user reflected
from (3), (5) and (6) is helpful in obtaining the closed-
form expression in (17). Especially, the decreasing order of
Hijm in (12) obtained from (6) is crucial in proving that
Problem (15) is convex, which fortunately has closed-form
solution. According to (18), we can find that the optimal sum
rate is mainly determined by the rate of user J;, with best
channel gain among users served by BS i on subchannel m
and the optimal sum rate increases with the total transmission
power of BS i on subchannel m on a logarithmic scale. Note
that we obtain the similar conclusion as in [16]. The difference
is that the inter-cell interference is not considered in [16].

B. Power Control in Multiple Cells

Based on Theorem 3 and Theorem 4, we can readily
transform sum rate maximization Problem (8) with objective
function (13) into an equivalent problem.
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Theorem 5: Sum rate maximization Problem (8) with
objective function (13) is equivalent to the following

problem:
I M 4
. m
‘I>I{)n)?>0 a Z Z B Jim =1 Rijm
- i=1 m=1 sz:][(m—l)+l Txijimm
RI]IVI
Jim—1 (2 1) Xijm
z Z -1 Rllm (193)
j:]i(m—1)+12 1=j B xl],‘mm
Jim R:
I]IVI
S.t. Gim > z (2 — 1)
J=Jigm-1t1
Z Rism
= ]'(’" DR Xijm, Yi€el,meM (19b)
ZkEI\ {i} qkm|hklm| +0?
X = 5
l]m |hllm|
VieZ, meM, jeTm Le€lj, -, Jim}
(19¢)
M
D 4gim < Qi, Viel (19d)
m=1

,x17;ym]T and the power

where x = [x111, -+, X1y M> -
for each user is given by (17).

Note that there always exists [ € {j,---

Xijm = ZkeT() qkmlh“ml +o? foralli e Z,m € M, j € Jim
as the ob]ectlve functlon increases with x;j,,, which shows
that x;;,, = H;j, defined in (6). Since Theorem 5 can be
easily proved through substituting (17) into Problem (8) with
objective function (13), the proof of Theorem 5 is omitted.
It can be found that the objective function in Problem (19)
is still nonconvex and the constraints of Problem (19) are
all linear with respect to ¢ and x. In the following, one
distributed algorithm with low complexity is proposed. Denote

, Jim} such that

qi = [qi, - ,qiml’ and x; = [Xi+n)1s > Xigpm]! -
With giveng_; = [q],---.q]_,.q,. - .q;1" andx_; =
x],---.x[_.x]. .-~ ,x]1", Problem (19) becomes the

following optimization problem for BS i,

. dim
min Z B =
4:>0,x;>0 P .
2 I=itm=1) XiJimm
Rt/m
Jim—1 5 —1 xijm
> (20a)
Z zm Riim
J=Jim-1n+1 2= B XiJimm
Jim Rijm
S.t. gim = 275 —1
‘:Ji(m—l)+1
Z RIS"’I
5= Jl('" D Xiim, me M (20b)
Xijm = Hijm, YmeM, je Tn (20c)

gim < Qim, Ym e M (20d)
M

> qim < 0i (20e)
m=1

where H;j;,, is defined in (6), and constraints (20d) follow
from (19¢) with

Qim = L eniy e Tomtets, o um)
|hnlm|2xnjm - Zke\{i,n} Clkm|hklm|2 —o?
|hilm|2 .
The representation of (20a) is similar to the DC problem

representation [23], [24], [38]. Thus, objective function (20a)
can be rewritten as

2y

M qi
m
- Z B 10g2 XiJimm + T—J. -1 R
z‘(lm ym
m=1 2=i=tim-ntl B
Rijm
Jm—1 278 = 1) xijm
z s Jim =1 Fip T z B logy (xigm)-
J=Jim-1)+1 Q=] B m=1
Letting
M gi
im
Fi(gi,xi) = — D Blog, | xism + —— R
Z.Hﬂ ym
m=1 2=i=lim-nyt1 B
RI]IVI
J[m*l 2 1 'xijm
Z -1 Rt/m ’
J=Jim-1+1 221
and

M
Gi(xi) == D Blogy(Xism),

m=1

Problem (20) can be written as

I})lin 0 Ki(gi,x;) = Fi(qi,x;) — Gi(x;) (22a)
qi=0,x;>
s.t. (20b), (20¢), (20d), (20¢). (22b)

Define function v(y, z) = —log,(y — z). Since

2o o

2 _ oy2 0yoz
vViv = 32}1) )
0yoz 072

_ 1 (1 —1)
~ (n2)(y -2 \—-1 1

1 T
oD - =0,
both Fj(g;,x;) and G;(x;) can be proved convex according
to the nonnegative weighted sums operation and composi-
tion operation with an affine mapping that preserve convex-
ity [36, p. 79]. Therefore, the DC programming approach
can be applied to realize multi-cell power control [38].
From [38], nonconvex Problem (22) can be solved
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suboptimally by converting a nonconvex problem to con-
vex subproblems with replacing the term —G;(x;) in the
objective function (22a) with its convex majorant —G;(x;) —
VGiT(i,-)(x,- — X;). VG;(x;) is the gradient of G;(x;) at
point x;, and VG;(x;) can be calculated by

T

i| . (23)

1
O,...,_‘~ S,
XiJil

The convex optimization problem in (25) can be solved by the
interior point method [36], [37].

In the following, we provide a distributed power control
algorithm to solve sum rate maximization Problem (19) in
Algorithm 2.

- B
VGi(x;) = 2

XiJiyM

Algorithm 2 Distributed Power Control for Sum Rate Maxi-
mization (DPC-SRM)

1: Initialize ¢, x©, the iteration number r = 0, and the
tolerance €.
2:fori=1,2,---,1 do
t

3: X = x; ).
4:  repeat
5: Define a convex approximate function of H;(x;) at
point X; as
Ki(qi.xi) = Fi(gi,xi) — Gi(X;) — VG (%) (x; —
6: Solve the convex optimization problem
arg min _ K;(qi,x;)
@ %)= 4=0xi20 (25)
s.t. (20b), (20c¢), (20d), (20e).
7. until the objective function (22a) converges
1 ~ ~
3: qi(t+ ) =g, xl(t+t) _—
9: end for

1 1
0 1F |30 Kig! x") - S ki@ 1) < e
terminate. Otherwise, set t = ¢ + 1 and go to step 2.

C. Convergence and Complexity Analysis

According to [38], the DC programming steps (i.e., Step 4 to
Step 7) in DPC-SRM algorithm alwa(ys converge to a subop-
timal stationary point, i.e., K; (qlm,xi’)) > K; (q§’+1),x§’+1)),
which shows that the objective value (19a) is nonincreasing
when sequence (g,x) is updated. Furthermore, the objec-
tive value (19a) can be found upper-bounded. As a result,
DPC-SRM algorithm must converge.

For DPC-SRM algorithm, the major complexity in each
iteration lies in solving convex optimization problem (25).
Assume that the number of users on every subchannel in
each cell is N. Considering that the dimension of variables
in problem (25) is M(N + 1), the complexity of solving
problem (25) by using the standard interior point method is
O(M3 N3) [36, pp. 487-569]. Hence, the total complexity
of DPC-SRM is O(LsgLpcIM?3N?), where Lsg and Lpc
denote the total number of iterations of the out layer of
DPC-SR algorithm and the DC programming, respectively.
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D. Implementation Method

To implement the proposed DPC-SRM algorithm, each BS
i needs to update power vector g; and auxiliary vector x; by
solving Problem (20). Solving Problem (20) involves R;jn,
Hijm, Qim, Ym € M, j € Jym. Assume that the minimal rate
demands for users served by BS i are available at BS i. Since
ZkeI\U] G | hkim |2+02

|Ritm |2

is the channel gain between BS i and its served user / on
subchannel m, which can be estimated by channel reciprocity.
Beside, ZkeI\{i} Gkm|hum|> + o is the total interference
power of user [ served by BS i on subchannel m, and the
value of interference power can be measured by user /. Due
to the fact that

Qim

Hijm = maxje(j,...J;,) , numerator |f;j, |

= min
neN\{i},j €Tnm-L€ljy > Jum}
|hnlm|2xnjm - Zke\{n} Qe | kcim |2 —o?+ Gim | hiim |2
\Ritm|? '
numerator |h;;,| is the cross channel gain between BS i
and user [ served by BS n (n # i) on subchannel m,
which can be estimated at BS i for receiving the pilot from
user / according to channel reciprocity. The denominator
of calculating Q;, contains three parts. In the first part,
-ie., |hn1m|2xnjm, |hpim| 1s the channel gain between BS n
x’e?rid its served user / on subchannel m and x,;,, is the strategy
MBS . Hence, |h,,1m|2x,,jm is known at BS #n. In the second
part, Zke\{n} Qiem | Pkim |2 + 62 is the total interference power
of user [ served by BS n on subchannel m. In the third
part q,-m|h,-1m|2, qim 18 the transmission power of BS i on
subchannel m. To calculate Q;,, user [ served by BS n
sends its overall received interference and noise to BS n.
Then, having obtained the messages from its served users,
BS n calculates |hn1m|2xnjm - Zke\{n} Gkm|ham|* — 0% and
sends these calculated values to BS i, which helps BS i
calculate Q;,,. As a result, BS i calculates the optimal g;
and x; by solving Problem (20). Each BS updates its power
vector and auxiliary vector until the total interference power
of each user converges.

V. EXTENSION TO MIMO-NOMA SYSTEMS

Consider a downlink multi-cell network with NOMA, where
there are / BSs with M antennas each and J users with N
antennas each. For MIMO-NOMA, superposition coding is
employed at each BS. The transmit signal at BS i is given
by [10]

Pi(Ji +D1Si(Ji_+D1 -+ 4/ PisiiSii

si= . N

SPi(Ti+D)MSi(Ji+)M + -+ /DisimSisim
(26)

where s;j,;, denotes the information bearing signal to be
transmitted to user j in cluster m served by BS i, and p;j,, is
the NOMA power allocation coefficient. Obviously, p;jm > 0
shows that user j is assigned in cluster m. It is assumed
that all users are already clustered and each user is only
assigned to one cluster. Let M = {1,2,---, M} be the set
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of clusters. The set of users in cluster m is denoted by 7, =
{(Jion—1vy + L, Jign—1y + 2, -+, Jim}, where Jio = Ji—1 + 1,
Jivm = Jis Jim = 21~ | Jil. The observation at user j € Jim
in cluster m is given by
Yijm = Hijsi + z Hyjsk+njp
keT\{i}
= hjjm/DijmSijm + Z hijm~/ DitmSiim

leTim\{j}

intra-cell intra-cluster interference

Jit
+ Z z hijtmsilt

te M\{m} I=Jig—1)+1

intra-cell inter-cluster interference

M Jit
+ z z z hkjt\/pkntsknt +nj,,

keZ\{i} t=1 n=Jr-1)+1

27)

inter-cell interference

where H;; is the channel gain between BS i and user j, h;jn
is the channel gain between BS i and user j in cluster m, and
nj, represents the additive zero-mean Gaussian noise vector
with variance o21.

Denote by v;j,, the detection vector used by user j served
by BS i in cluster m. After applying this vector into (27),
the signal model can be rewritten as follows:

H —oH p.. ... H .
OiimYijm = Oiimhijm/PijmSijm +0jj,R jm
H
+ E vijmhijm\/ PilmSilm

leTim\{J}

intra-cell intra-cluster interference

]I[
+ Z z vgmhijtv PiltSilt

teM\{m}l=Ji¢-1)+1

intra-cell inter-cluster interference

M Jit
+ Z Z Z vil}lmhkjt\/pkntsknto

keZ\{i} t=1 n=Jrq—1+1

inter-cell interference
(28)
The channel conditions are crucial to the implementation of
NOMA. As in [10], it is assumed that the channel gains are
sorted as follows:

H 2 H 2
|vi(Ji(,,,,1)+l)mhi(1i(m—1)+1)mI == Ivi],'mmhijimm| . (29)

With removing intra-cell inter-cluster interference,
the detection vector can be obtained as in (13) in [10].
In order to remove intra-cell inter-cluster interference,
the number of users’ antennas is larger than or equal to that
of the BS [10]. With detection vector v;j;, fixed and without
intra-cell inter-cluster interference, the achievable rate of user
J € Jim to detect the message of user [ € {Jign—1y+1,---, j}
in cluster m is

H 2
Tijim = B 10g2 (1 + |Dijmhijm| Pilm )
e Jim
|vi7mhij’" 2 Zn=l+] Pinm + Yijim
(30)

M
where Yijim = 25,21 2 ket (i) th|v,‘7mhkjt|2 +0%[vjjm|?, and
Jem . ..
Ghm = 250 11 Phim 1S the total transmission power of
BS k in cluster m. According to (30), strong user j with
high effective channel gain needs to decode the message of
weak user [ < j with low effective channel gain. To ensure
successful SIC, the achievable rate of user j € [, in cluster
m can be given by

Tijm = min Tiljm
le{]:"'ajim}
=, {min }Blog2 1+ ] Pijm i
e{j,Jim im X + iljm
Zn:]+l plnm ‘vﬁlmhilm‘z
Pijm
= B 10g2 (1 + Tim , (31)
Zn:j+1 Dinm + Hijm
where
M H 2 2 2
2ot 2okeT\(iy ke [0 Bkt )™ + 07 [0im |
Hijy = max .

1€, Jim) o hitm|?

(32)

Since the rate formulations (31) and (32) respectively have
similar structures as equations (5) and (6), the power control
methods in Section III and Section IV can be applied to
MIMO-NOMA systems.

VI. NUMERICAL RESULTS

In this section, numerical results are presented to evalu-
ate the performance of the proposed schemes for multi-cell
networks with NOMA.. In the simulations, we consider a three-
site 3GPP LTE network with an inter-site distance of 800 m,
adopting a wrap-around technique [39]. The simulated system
operates at 2 GHz, the number of subchannels is M = 10
and the bandwidth of each subchannel is B = 1 MHz. The
three-sector antenna pattern is used for each site and the gain
for the three-sector, of which 3dB beamwidth in degrees is
70 degrees, is 14dBi [40]. In the propagation model, we use
the large-scale path loss L(d) = 128.1 + 37.6log(d), d is
in km, and the standard deviation of shadow fading is set
as 8 dB [40].

The total number of BSs I is set as 15. To reduce the
receiver complexity and error propagation due to SIC, it is rea-
sonable for each subchannel to be multiplexed by two or three
users [41]. In the simulations, the number of users in each cell
is set as 20 and two users are paired on each subchannel. We
set the tolerance in Algorithm 1 and Algorithm 2 € = 0.001
and noise power 02> = —114 dBm. We assume equal rate
demands for all users (i.e., R;j = R =03 Mbps, Vi €1, j €
Ji) and equal maximum transmission power for all BSs (i.e.,
0; = 0, VicT).

We compare the NOMA system with two systems: the
OFDMA system, where multiple users on the same subchannel
are allocated with orthogonal time fractions, and the BC
system, where multiple users on the same subchannel suffer
from both intra-cell (without performing SIC) and inter-
cell interference. For sum power minimization, we compare
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User 1 User 1 User 1
[)
User 8 User 2 User 8 User 2 User 8 User 2
User 3 / e User3 User7 o ® User3
User 7 User 7 / /
User 6 )
User 4 User 6 / User 4

User.é\’ ° User 4

User 5 User 5 User 5

(a) Strong-Strong

Fig. 1. This figure illustrates pair selection in a typical cell of 8 users.

the proposed power minimization scheme for NOMA sys-
tems (labeled as ‘NOMA-PM’) by using Algorithm 1 with sum
power minimization problem for OFDMA systems (labeled as
‘OFDMA-SP’), which can be optimally solved by using the
optimal power vector algorithm in [39, Sec. V], and sum
power minimization problem for BC systems (labeled as
‘BC-SP’), which can be optimally solved by using the simplex
method [36]. For sum rate maximization, we compare the
proposed sum rate maximization scheme for NOMA sys-
tems (labeled as ‘NOMA-RM’) through using Algorithm 2,
with sum rate maximization problem for OFDMA sys-
tems (labeled as ‘OFDMA-SR’), which can be suboptimally
solved by using the distributed power control and time alloca-
tion algorithm in [42, Section V], and sum rate maximization
problem for BC systems (labeled as ‘BC-RM’), which can be
suboptimally solved by using the weighted mean-square error
approach [43, Sec. II].

We study the influence of user pairing by considering three
different user-pairing methods [44] and [45]. Fig. 1 illustrates
pair selection in a typical cell of 8 users, where users are
sorted in increasing order of channel gains, i.e., user 8 enjoys
the strongest channel gain while user 1 is of the weakest
channel gain. In strong-strong (SS) pair selection, the user
with the strongest channel condition is paired with the one
with the second strongest, and so on. In strong-weak (SW)
pair selection, the user with the strongest channel condition
is paired with the user with the weakest, and the user with
the second strongest is paired with one with the second
weakest, and so on. In strong-middle (SM) pair selection,
the user with the strongest channel condition is paired with
the user with the middle strongest user, i.e., user 8 is paired
with user 4 in Fig. 1(c), and so on.

In Fig. 2 and Fig. 3, we show the sum power and sum rate
of the system for different user-pairing methods, respectively.
From Fig. 2, it is observed that SW outperforms the other
two methods in terms of power consumption for NOMA-PM.
Besides, we can also find that SW achieves the best sum rate
among three user-pairing methods for NOMA-RM according
to Fig. 3. Combing Fig. 2 and Fig. 3, we can conclude
that it tends to pair users with distinctive gains for both
sum power minimization and sum rate maximization, which
coincides with previous findings in [44]. Due to the superiority
of SW, the following simulations are based on SW pair
selection.

(b) Strong-Weak

(c) Strong-Middle

©

—e— SS,NOMA-PM
—&— SW,NOMA-PM
—¥— SM,NOMA-PM
—6— SS,NOMA-RM
—— SW,NOMA-RM

SM,NOMA-RM

~
T

D
T

o
T

Total sum power (W)
S

01 015 02 025 03 035 04 045 05
Maximal transmission power (W)

Fig. 2. Sum power of the system for different user-pairing methods.
900
8001 N
3
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5 —%— SW,NOMA-RM
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E 400t
2
£ 300(
°
200+
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Maximal transmission power (W)
Fig. 3. Sum rate of the system for different user-pairing methods.

The convergence behaviors of NOMA-PM and NOMA-
RM are illustrated in Fig. 4 and Fig. 5, respectively.
It can be seen that both NOMA-PM and NOMA-RM con-
verge rapidly, which makes our proposed algorithms suitable
for practical applications. From Fig. 5, the sum rate of
NOMA-RM monotonically increases, which confirms the con-
vergence analysis in Section IV-C.

We try multiple starting points in the simulations to
exhaustively obtain a near globally optimal solution. We test
20 randomly generated channels shown in Fig. 6, where
NOMA-RM-EXH refers to the NOMA-RM algorithm with
1000 starting points for each channel realization. It can be
seen that the sum rate of NOMA-RM is almost the same as
that of NOMA-RM-EXH, which indicates that the proposed
NOMA-RM approaches the near globally optimal solution.
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Fig. 4. Convergence behavior of NOMA-PM.
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Fig. 5. Convergence behavior of NOMA-RM.
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Fig. 6. Performance comparison of NOMA-RM and NOMA-RM-EXH.

Fig. 7 shows the sum power versus the maximal trans-
mission power under various algorithms. It is observed that
the sum power of NOMA/OFDMA/BC-RM increases with the
transmission power constraint. This is because increasing the
overall transmission power is always beneficial in enhancing
the sum rate of the system. It is also found that the sum power
keeps the same for NOMA/OFDMA/BC-PM. This is due to
that the maximal transmission power for each BS is set as
the same and the sum power does not change value with the
maximal transmission power for power minimization. From

8 : : : : : : :
\

—e— NOMA-PM

[| —B— OFDMA-PM|

—%— BC-PM v

| —6— NOMA-RM / 1

—— OFDMA-RM
BC-RM

~

(=2

w)

o
T

w

Total sum power (
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Maximal transmission power (W)

045 0.5

Fig. 7. Sum power of the system versus the maximal transmission power.
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Fig. 8. Sum rate of the system versus the maximal transmission power.
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BC-RM ‘
0 i i i i i i i
01 015 02 025 03 035 04 045 05
Maximal transmission power (W)
Fig. 9. Energy efficiency of the system versus the maximal transmission
power.

Fig. 7, the NOMA-PM is better than OFDMA/BC-PM in terms
of the sum power consumption. The reason is that NOMA
applies SIC to utilize intra-cell interference and each user can
occupy the total available bandwidth, which results in lower
sum power than OFDMA and BC.

We illustrate the sum rate and energy efficiency (the ratio
of sum rate and sum power) versus the maximal transmission
power under various algorithms in Fig. 8 and Fig. 9, respec-
tively. It is seen from Fig. 8 that the sum rate is the same for
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NOMA/OFDMA/BC-PM. Due to power minimization, each
user is set as satisfying the minimal rate demand. Therefore,
the sum rate of NOMA/OFDMA/BC-PM keeps a constant,
i.e., 2IMR, as shown in Fig. 8. From Fig. 8, it is observed
that NOMA-RM outperforms OFDMA/BC-RM in terms of
sum rate. One reason is that each user in NOMA networks
can be allocated with higher fraction of bandwidth than
in OFDMA networks, where the bandwidth is orthogonally
distributed to different users in the same cell. The other reason
is that NOMA can efficiently utilize intra-cell interference
by using SIC, which results in higher rate than that of BC.
From Fig. 9, it is interesting to observe that NOMA-PM
achieves the best energy efficiency among all algorithms. It is
also found that the energy efficiency of NOMA/OFDMA/BC-
RM monotonically decreases with the maximal transmission
power. This is because sum rate maximization algorithms
tend to transmit with large power from Fig. 7, which results
in large intra/inter-interference and low energy efficiency.
NOMA needs to broadcast additional information about the
decoding orders and the receivers at the users are complicated
compared with OFDMA/BC-PM. Thus, we can conclude that
NOMA achieves some performance gains at the cost of
some additional information broadcasting of the BS and extra
computations of the users from Fig. 7 and Fig. 8.

VII. CONCLUSION

In this paper, we aim at sum power minimization and
sum rate maximization through power control for multi-cell
networks with NOMA. Both sum power minimization and
sum rate maximization problems can be transformed into
correspondingly equivalent problems with smaller variables.
For sum power minimization, users with poor channel gains
tend to be allocated with more power. Sum rate maximization
problem can be decoupled into two subproblems, i.e., power
allocation problem in a single cell and power control problem
in multiple cells. The power allocation problem in a single
cell is proved to be convex and its globally optimal solution
can be obtained in the closed-form expression. Based on the
optimal solution to power allocation problem in a single cell,
only user in each cell with the best channel gain deserves
additional power from its served BS to maximize sum rate in
multi-cell networks with NOMA. Through simulation results,
it tends to pair users with distinctive channel gains for both
sum power minimization and sum rate maximization. It is
shown that the proposed power control methods can be applied
to MIMO systems. It is also verified that NOMA outperforms
OFDMA and BC in terms of sum power minimization and sum
rate maximization at the cost of some additional information
broadcasting of the BSs and computations of the users. The
users’ mobility issue for multi-cell NOMA systems is left for
our future work.

APPENDIX A
PROOF OF THEOREM 1

To prove Theorem 1, we find that the objective function (9)
is only a function of ¢ and variable p only exists in con-
straints (8b), (8c) and p > 0. Hence, p can be viewed as

an intermediate variable. With this observation, sum power
minimization Problem (8) with objective function (9) can be
simplified by removing p without loss of optimality. Specif-
ically, the constraints (8b), (8c) and p > 0 about variable p
can be equivalently transformed into constraints about g.
Given total transmission power of other BSs, inter-cell
interference is fixed, hence Problem (8) with objective func-
tion (9) can be readily simplified into a single-cell power
allocation problem. For BS i, the power allocation problem

with given g_; = [q11, "+, gi—1ym» 4i+1)1- - > qim]! can
be formulated as
M
min ; A.l
pi>0,4;>0 Z dim (A-la)
m=1
«Iim
st D> pijm=dqim. YmeM (A.1b)
J=Jign-1)+1
Rijm Jim
Pijm = (2‘T - 1) Z Pinm + Hijm 5
n=j+1
YmeM, j€Tm, (A.1c)
where pi = [pig+is s Piym]’, and gq; =
[git, - qim]”.

Observing that both the objective function and constraints
of Problem (A.1) can be decoupled, Problem (A.1) can be
further decoupled into multiple single-subchannel prob-
lems. We consider the following optimization problem on
subchannel m:

Jim
min i A2
min > pijm (A.22)
J=Jim-1+1
R:: Jim
ijm
s.t. Pijm = (2 B — 1) z Pinm +Hijm P
n=j+1
Vj € Jim, (A.2b)
where  pin [pi(J,-(m,l)Jrl)m,---,PiJ,»mm]T. Combin-

ing (A.2b) and p;, > 0, we find that constraints (A.2b)
hold with equality for any optimal solution to Problem (A.2),
as otherwise (A.2a) can be further improved, contradicting
that the solution is optimal. Setting constraints (A.2b) with
equality, we obtain

Ji Ji
R’_JJ m R’JJ m
275 z Pinm + (2 B — 1) Hijm = Zpinm, (A.3)
n=j+1 n=j

for all j € Ji. Define
Jim
bijm = Zpinm, ] € \7im,

n=j

(A4)

which represents the summation of the transmission power
from user j to user Ji;;. Based on (A.3) and (A.4), we can
obtain

bijm = 27F bi(jyiym + (2 B — 1) Hijm, Vje€J.
(A.5)
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tsm

Deﬁning bi(],‘m—l—l)m = 0 and 22 ”"”” = 20’ we can
rewrite (A.5) as follows:
Jim R; n— | Rmm
bijm = Z (2 B )22 B Hinm, J€ Tim - (A6)
n=j

According to (A.4), we know pjjm = bijm — bi(j+1ym, VJ €
Jim. Substituting (A.6) into pjjm = bijm — bi(j+1ym yields

Jim

R; n— 1 Rmm
Pijm = z (2 B )2Z B Hinm
n=j
Jim " S
=3 (2 )X T by, V€ i,
n=j+1
(A7)

which is the optimal solution to Problem (A.2).
From (A.4) and (A.6), the optimal objective value of
Problem (A.2) is

Jim
qdim = Pijm
J=Jigmn-1+1
Jim R;
Rinm —Lom
= z (2 B _1)2 = ]’(’" nH B Hinm,
nz-’i(m—l)"’1

(A.8)

im

which is minimal sum power of z j=Jign1 1 Piim satisfy-
ing (A.2b) and p;;, > 0. Applying (A.8) into Problem (8) with
objective function (9) yields equivalent Problem (11), where
the inequality shown in (11b) is due to the fact that (A.8) is
the minimal value of gj,.

APPENDIX B
PROOF OF THEOREM 2
We prove each of the three properties required for standard
function below.
Positivity: Since e
fim(q) > 0 from (llb)
Monotonicity: Let total transmission power vector q(l) =

2‘2 > 0 for j € Jim, we have

max
- Ji} [Ritm

2 2
[CIH)»“' ,q§”]T and ¢ = [qfl),m ,qf,&]T be such that
l-(,}l) > ql(,i), Vi € T,m € M. Then, we have

2 keT\(i) qkm | |2 + o2
|hilm |2
- 2 keT (i) a2 b + o
e, Jim) itm |2

According to (B.1) and (11b), we have fin (@) > fim(@®).
Scalability: Letting ¢ > 0 and 4 > 1, we have

max
lej, . Ji}

(B.1)

> ke iy Ghm hiam > + 02
|itm|?
2 ke (i) AGkm | Pkim 1> + o2

> max s (BZ)
1€, Jim} \hitm |2

where the inequality follows from that o2 > 0. Based on (B.2)
and (11b), we have Afin (q) > fim(1q).

ma
le{]:"' :J[m}

APPENDIX C
PROOF OF THEOREM 3

Since the constraints of Problem (15) are all linear, we only
need to prove that the objective function (15a) is convex.
We first rewrite (15a) as

Jim
n—1,§|)+1
Jim Jim
+ z B | log, Zpinm + Hi(j—1)ym
J=Jim-1+2 n=j
Jim
—logy [ D pinm + Hijm
n=j

Rim = —Blog, Pinm + Hi(Ji_y+1)m

+ Blog,(Hij,,m),

where R;, is negative sum rate of all users served by BS i
on subchannel m. The second-order derivative of R;, equals

PRin < 1 B
7 = 2 >
ap”m I=Jim—1)+2 1 (Z,{lml DPinm + Hijm)
B
_ - -
(Zn’;”; Pinm + Hi(jfl)m)
B
+ 2
(ln 2) (Zn Jim— l)+1 Dinm + Hl(‘ll("' l)+1)m)
(C.1)
for all .] = Jl—l + 15 Jl—l +25 ) le and
2R 1 B
OpiimOPiim In2 2
PijmOPilm I=Jim1)+2 n (Zrlzlml Dinm + Hijm)
B
_ p >
(Z 2 Dinm + Hi(j— l)m)
B
+ J 3
(In2) (Z";”Ji(m—l)Jrl pi”'""*'Hi(Ji(mfl)“)m)
(C.2)
for all J;_1+ 52 j <l 5 Ji. Comparing (C.1) and (C.2),
0 Rim — 6 Rnn
we find that im0 fl’,,m for any Jign—1 +1 =< j <
I < Jim. Therefore, denoting a;j,, = 6;)5”" for notational

simplicity, the Hessian matrix A;;;, of (15a) has the following
structure:

ai(-’i(m—l)""l)m ai(-’i(m—l)"'l)m ai(-’i(m—l)"'l)m
ai(-’i(m—l)""l)m ai(-’i(m—l)""z)m ai(-’i(m—l)"'z)m
Aim = . . .
ai(li(m,1)+1)m ai(l,-(m,l)+2)m aiJi,m
(C.3)
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Based on (C.3), the ¢-th order principal minor of matrix A;,
can be expressed as

ai(];(m_|)+1)m
Ai(Jigm—1)+Dm

ai(-’i(m—l)""l)m
Ai(Jigm—1)+2)m

ai(-’i(m—l)""l)m

Ai(Jign—-1)+2)m
Aimt = .

Ai(Jign—y+Dm  Li(Jigu—1)+2)m
'

= ai(-’i(m—l)"'l)m H(ai(]i(n1—l)+l)m
=2

Ai(Jigm—1)+t)m

= Ai(Jin_1yH—1ym)-

(C4)

Since
B/(In2)

2
T
(an;nl,-(m,l)+l Pinm + Hi(«li(mfl)“’l)m)
> 0,

Ai(Jigm—n+DHm =

and for Jigu—1) +2 <1 < Jim,
ai(l,-(m,l)Jrl)m - ai(l,-(m,l)Jrlfl)m
1 B

" n2 J 2
(Zn;”/i(mfl)Jrl Pinm + Hi(fi(m—l)H)M)

. i 9,

5 =
J,
(Zn”njl(in n+ Dinm + Hi(li(m*1)+lil)m)

where inequality (a) holds based on (12), we have from (C.4)
that A, > 0 for t = 1,---, Jiy — Jigu—1). According to
[46, P. 558], a function whose Hessian is positive semi-definite
throughout a convex set is convex. Besides, if the principal
minors of a matrix are all nonnegative, this matrix is positive
semi-definite [46, Page 558]. Thus, matrix A;, is positive
semi-definite, which implies that objective function (15a) is
convex. As a result, Problem (15) is convex.

Then, we prove the feasibility condition for Problem (15).
To prove this, we denote

. Z-’im
min . Pijm
J=Jigm-1+1 J

Pim=>0
Jim
- 1) (Zn—j+1 Pinm + Hijm) >

- Rijm
gim = ) s.t. Dijm = (2 B
Vi€ Jim.

From (15b), (15¢), and pi, > 0, we can find that Prob-
lem (15) is feasible if and only if ¢, < g¢in. To obtain
gim, we observe that constraints (15¢) hold with equality for
all j € Jim, as otherwise ¢;,, can be further improved. By
solving these Jim — Jign—1) linear equations, we have g;, =

mm Z”_ ! Rism
Z;{lmfl(m H+l1 gz — )25 it Hiym from (A.3),
(A.4) and (A.8). Hence, the feasibility condition for Prob-

lem (15) is achieved as (16).

APPENDIX D
PROOF OF THEOREM 4

The Lagrangian function of Problem (15) can be written by

L:(Pim, Oim Igim, Y im)

Jim
= Oim z Pijm — 4qim
J=Jigm-1)+1
]im
pii
- z Blog, (1 + =7 sl )
im .
J=Jigm-1)+1 Zn =j+1 Pinm + Hijm
Jim RI]IVI Jim
+ z ﬁz]m (2 - 1) z Pinm + Hijm
j Jl(m 1)‘1‘1 n=j+1
Jim
_pijm) - z VijmPijm,
J=Jim-1+1
T
where dim, Bim = Bisig_ry+1yms> " s Bisyyml” = 0 and
Yim = iyt ms -+ » Vidyym]” = O are the Lagrange

multipliers associated with the corresponding constraints of
Problem (15). The KKT conditions of Problem (15) are:

oL
apijm

B

(ln 2) (Zn’m] (m— |)+1 DPinm + l(‘,t(m 1)+1)m)

j—1

Rmm

+ dim + Z (2 ),Bmm ﬁijm

”:]i(m—l)""l

J
1 B

P

I=Jim-1)+2 In2 z —J Pinm + Hljm

B .
- » Vi€ Tim (D.1a)
zn”nl Pinm + Hi(j—l)m

RI]IVI Jim

ﬁijm (2 - 1) z Pinm + Hijm — Pijm | = 0,
n=j+1
Vj € Jim (D.1b)
YijmPijm =0, Vj € Tim (D.1c)
Jim
Pijm — qim =0 (D.1d)
J=Jim-1+1
Jim
Sijm
(2 - 1) Z Pinm + Hijm | — pijm <0,
n=j+1

Vi€ Tm (D.1e)
ﬁim,yim,Pim >0. (le)

According to (D.le) and R;j,, > 0, we can obtain p;j, > 0,
Vj € Jim- Hence, further combing (D.1c), we have

Yiim =0, VYj & Jim. (D.2)

Assume that
Hi(jipupy+1m > Higigpy+2)m > -+ > Higypm.  (D.3)
The special case with H;(j_1ym = H;jm for at least one

J € Jign—1y +2,---, Jim} is considered later. From (D.1a)
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and (D.2), we obtain

oL oL 1 B
opijm  OpiG—tm 12 (Z,{’;"j Pinm + Hi(j~1)m
B B
Z,{fj Pinm + Hijm)

RiGi—ym

= Bijm + BiGj—1ym2~ F =0
for j = Jign—1) +2,---, Jim. Considering (D.3), we have

Ri(j—Dm

Bijm — Bi(j—1ym2™ B

1 B B

= ﬁ «Iim a «Iim <0
WEN\20Z pinm + HiGg—vym 22,2 Pinm + Hijm

for j = Jign—1) + 2, , Jim. Since Bij;m > 0, we have

Ri(j=1)m

Biom2 T > B = 0, = Jigny + 2 T,
Thus, we can obtain S, —1ym > 0, -+, ﬁ,-u[(m_,)ﬂ)m > 0.
Hence, we only need to consider the following two cases of
Bis,,m for user Jiy,.

1) If Bij,,m > 0O, constraints in (D.1b) are satisfied via

Rijm
gZ'I/f - 1) (Z,{';"H] Pinm + Hijm) — pijm = 0 for all j €

im,» which implies that the minimal rate constraints (D.le)
hold with equality for all users. Thus, the optimal value
of Problem (15) is _ZJJ':J,‘(WUH Rijm, and the optimal
solution to Problem (15) can be obtained as in (10) by solving
constraints (D.1e) with equality for all users.

2) If Biy,,m =0, we find that constraints (D.le) hold with
equality except for the user Ji,.

Due to that Problem (15) can be easily solved for the case
Bis.,m > 0, we only need to consider the case f;j, m = 0
in the following. Since minimal rate constraints (D.le) hold
with equality for j € Jim \ {Jim}, we find that the additional
power is allocated to the user with the highest channel gain
and other users served by BS i on subchannel m are allocated
with minimal transmission power to meet the minimal rate
demands. Now, it remains optimal to solve constraints (D.le)
with equality for j € Ji;, \ {Jim}. Thus, we have

Jim Jim

275 > pinm + (2 B — 1) Hijm = D pinm, (D.4)
n=j+1 n=j
for all j = Jigm—1) + 1, -, Jim — 1. Define
]im
bijm = Zpijm, J=Jdim-nyy+1,---, Jim. (D.5)
n=j
Substituting (D.5) into (D.1d) yields
bi(Jin_1y+1) = Gim- (D.6)
Based on (D.4) and (D.5), we can obtain
Rijm
(23 — 1) Hij
bijm
~ . . (DD

ijm

bi(j+1ym = %
2

for all j = Jign—1) + 1,---, Jim — 1. By further using (D.6),
we have

qim
bi(j+1)m = 7 Romm
2 rL:J,-(m,I)Jrl B
Rinm
i (2_ - 1) Hinm
- — ,  (D.3)
J Riim
":«Ii(m—l)+1 221:71 %
for all j = Jigu—1y +1,---, Jim — 1. From (D.5), we can
obtain
Diim = bijm = bi(j+1yms i j = Jign-1) + 1, Jim — 1
o bijm, ifj = Jim.
(D.9)

By inserting (D.8) into (D.9), we can obtain closed-form
expression of p;j, as (17). Substituting (17) into objective
function (15a), we can obtain the optimal sum rate of Prob-
lem (15) as (18).

Now, we consider the special case remained to be dis-
cussed. Assume that there are two users served by BS i
with satisfying H;(;j1)m = Hjjm. In this case, we can define
a new user j° with R;j, = Ri(j—1ym + Rijm. Calculate

the optimal power allocation strategy [p;k( Tyt Dy

p;'k(jfz)ma P;kj/ma p;k(j+l)m’ e, p;kjimm]T for users Jigm-1) +
Loy j—2,j,7+1,---, Jiyu according to (17). Based
on (5), we have

Jim
Zn=j71 Pinm + Hi(jl)m)
Jim
2o Pinm + HiGj—1ym
J,
Do Pinm + Hij
+ Blng( L
Zninj_pl Dinm + Hijm

Jim
= Blog, (Z"_j_l Pinn Hijm),

Jim
Zn:j+1 Pinm + Hijm
which means that the sum rate of user j — 1 and user j
is determined by the sum power p;(;—1)m + pijm. In the
optimal power allocation strategy for user j — 1 and user j,
we can arbitrarily allocate power pl’.k( j~Dm and p;kjm vyith
p;"( i—mt p;"jm = p?‘j/m fixed and the minimal rate constraints
ri*(jfl)m > Ri(j—1ym and ri*jm > Rjjy satisfied. If j # Jiy,
we can observe that r’, = Rijyu = Ri(Gj—1ym + Rijm

Ti(j—Om + Fijm = B]ng(

m
according to (D.4) for the optimal power allocation strategy.
Then, rl.*(jil)m = Ri(j—1)m and rl.*jm = Rjjm, which indicates

that the optimal power for user j — 1 and user j can be
presented as (17). If j = Ji;,, we can observe that rl.”‘./m >
R;jy according to (D.le) for the optimal power allocation
strategy. If we set rl.*(jfl)m = Ri(j—1)m and rl.’;.m = r;‘j,m—Rijm,
the optimal power for user j — 1 and user j can also be
presented as (17). Thus, we can still obtain the optimal sum
rate of Problem (15) as (18).

As a result, Theorem 4 is proved.
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